We generalize wave maps to biwave maps. We prove that the composition of a biwave map and a totally geodesic map is a biwave map. We give examples of biwave nonwave maps. We show that if f is a biwave map into a Riemannian manifold under certain circumstance, then f is a wave map. We verify that if f is a stable biwave map into a Riemannian manifold with positive constant sectional curvature satisfying the conservation law, then f is a wave map. We finally obtain a theorem involving an unstable biwave map.
Introduction
Harmonic maps between Riemannian manifolds were first introduced and established by Eells and Sampson 1 in 1964. Afterwards, there were two reports on harmonic maps by Eells and Lemaire 2, 3 in 1978 and 1988. Biharmonic maps, which generalized harmonic maps, were first studied by Jiang 4, 5 in 1986 . In this decade, there has been progress in biharmonic maps made by Caddeo 
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Bi-Yang-Mills fields, which generalize Yang-Mills fields, have been introduced by Ichiyama et al. 27 recently. The following connection between bi-Yang Mills fields and biwave equations motivates one to study biwave maps.
Let P be a principal fiber bundle over a manifold M with structure group G and canonical projection π, and let G be the Lie algebra of G. A connection A can be considered as a G-valued 1-form A A μ x dx μ locally. The curvature of the connection A is given by the 2-form F F μν dx μ dx ν with
The bi-Yang-Mills Lagrangian is defined where h : M → R is a spatially radial function. Setting u r 2 h and r |x|, the bi-Yang-Mills system 1.3 becomes the following equation for u t, r :
which is a linear nonhomogeneous biwave equation, where k t, r is a function of t and r. Biwave maps are biharmonic maps on Minkowski spaces. It is interesting to study biwave maps since their equations are the fourth-order hyperbolic systems of partial differential equations, which generalize wave maps. This is the first attempt to study biwave maps and their relationship with wave maps. There are interesting and difficult problems involving local well posedness and global well posedness of biwave maps into Riemannian manifolds or Lie groups or Riemannian symmetric spaces , that is, gauged biwave maps for future exploration.
In Section 2, we compute the first variation of the bi-energy functional of a biharmonic map using tensor technique, which is different but much easier than Jiang 
Biharmonic Maps
where dv is the volume form on M. We can rewrite 2.3 as
Notations
where 
that is, the tension field τ f , is a Jacobi field. If τ f 0, then τ 2 f 0. Thus, harmonic maps are obviously biharmonic. Biharmonic maps satisfy the fourth-order elliptic systems of PDEs, which generalize harmonic maps. Our computation for the first variation of the bi-energy functional presented here using tensor technique is different but much easier than Jiang's 4 original computation it took him four pages .
Caddeo et al. 7 showed that a biharmonic curve on a surface of nonpositive Gaussian curvature is a geodesic i.e., is harmonic and gave examples of biharmonic nonharmonic curves on spheres, ellipses, unduloids, and nodoids. are the Christoffel symbols of N. f is a wave map iff the wave field τ α f i.e., the tension field on a Minkowski space vanishes. The wave map equation is invariant with respect to the dimensionless scaling f t, x → f ct, cx , c ∈ R. But, the energy is scale invariant in dimension m 2.
If f : R m,1 → N is a smooth map from a Minkowski space R m,1 into a Riemannian manifold N, then the bi-energy functional is, from 2.1 ,
3.3
The Euler-Lagrange equation describing the critical point of 3.3 , from 2.5 , is 
where the initial data u 0 and u 1 are given. Since this is a fourth-order homogeneous linear biwave equation with constant coefficients, it is well known that u t, x can be solved by 18, 29 . 
for X, Y ∈ R m,1 , and 
3.8
Recalling that τ f D e j df e j , we derive from 3.7a that 
3.10
Substituting 3.10 into 3.8 , we arrive at
where
On the other hand, we have by 3.7b
3.12
We obtain from 3.11 and 3.12
Hence, if f is a biwave map and f 1 is totally geodesic, then f 1 • f is a biwave map. Note that the total geodesicity of f 1 cannot be weakened into a harmonic or biharmonic map. 
we have by 3.13 the following: We also can construct examples of biwave nonwave maps from some wave maps with constant energy using Theorem 3.5. Let
be a hypersphere of S n 1 1 . Then S n 1/ √ 2 is a biharmonic nonminimal submanifold of S n 1 1 by Theorem 2.2 and Example 2.3. Let ζ x 1 , . . . , x n 1 , −1/ √ 2 be a unit section of the normal bundle of S n 1/ √ 2 in S n 1 1 . Then the second fundamental form of the inclusion
By computation, the tension field of i is τ i −nζ, and the bitension field is τ 2 i 0. Proof. The result follows from 3.19 immediately. 
Stability of Biwave Maps

4.4
In particular, let V τ f . Recalling that f is a biwave map and N has constant sectional curvature K > 0, 4.4 can be reduced to 4.5
